Chapter 2: Simple Linear Regression

Option: DATA SCIENCE
September 2023
Dr. Abbas Rammal



Overview

1. Introduction
2. The simple regression model

3. Distribution of least squares estimators
« Mathematical expectation of f;
« Mathematical expectation of 3,
* Variance of f3;
* Variance of 3,

Estimation of error variance
Inference on model parameters
Analysis of variance

N o U os

Models with a single parameter

* Model without explanatory variable
* Model without constant



Introduction

* The model introduced in the first chapter is a model with a single

explanatory variable. We are talking about simple linear regression.

* The regression line involves estimating from the data of a sample

using the least squares method.

* Objective: The objective of this chapter is to generalize the inference

on the regression line from these estimates.



The simple linear regression model

* The simple linear regression model is defined by the relationship:
Vi = PBo + B1x; + &

Fori=1..n

* The errors ¢; are unobservable random quantities.

* The y; are also random variables (dependent of ¢; ).

* The x; are fixed numbers.



Assumptions on &;

* The assumptions on ¢; are:

1. The g; errors are independent.

2. The g; errors are normally distributed.
3. All errors ¢; have zero expectation.

4. All errors &; have the same variance .

g; are random variables independent and identically distributed such that

i ~ N(0,07)



e For the variable Y, we have:

E(y;) = Bo + Bix; + E(g;) = Bo + B1x;.
V(y,—) — V(ﬁ[} + [1x; + C;) = V(C,) — 0°.

* The normality of ¢; implies the normality of y;.
* The independence of the ¢; implies the independence of the y;. In fact:

cov(yi.yj) = cov(fo+ Bixi +<i; Bo + Pixj + €)
= cov(gj, £)
— 0



Distribution of least squares estimators

* The estimators obtained by the least squares method are given by:

,:"%1 — Z(Xf _ X_)'); e ,% =y ;:"ﬁ X
>_(xi — X)

* These estimators are random variables because they depend on y;.

* They are linear functions of the y;.
* They are normally distributed.

* In order to know their distribution, it is necessary to calculate their

expectation and their variance.



Mathematical expectation of ﬁl

* We have

E(3,) = E (Z(Xi ~ f)%‘)




Mathematical expectation of ﬁo

* We have

E(3y) = E(y— /ix)

= E(y)— xE(/51)
= [E(y) — x5

; E(y; Bo + B1Xx;
E(7) - E(ZHY) _ 2 n(}/) _ 2 on 1X;)
_ n3o + 51 Z X| — By + BiX

-

E(;’%U) = [Bo + B1x — X1 = .



Variance of 54

* We have




Variance of 5,

 We have: 5
V(_;:'jo)

= V(¥ -

= V(p)

1X)

V(,jl) — 2cov(y. 1)

Moreover, cov(y.31) = 0(to be demonstrated) and

V() = V(

V(Bo) =

n

ZJ/;'

) 2V _

n2

no? B o2

n2  n

022)(?
HZ(XI — X)?



Covariance of ,531 and ,630

* We have

cov(/31, Bo) =




Estimation of error variance

* The variance g2 appears in the previous formulas.
* 02 is however unknown = It must be estimated.
Unbiased estimator of ¢*:

* |f the errors &; could be observed, g% would be estimated by the quantity:

> (ei — &)
n—1

* But the &; are not observable = ¢; can be estimated by e; such that

e = Yi — Vi



* o2 will be estimated using the sum of the squares of the residuals e; as the

estimator of the squares of the errors:
Z(ei —&)° = Z ef = Z(Vﬁ — $i)?
* It was seen that:
Z(%‘ — }7:‘)2 — Z}/fz — Zﬁ,—z'

* Moreover,

EQ (vi—9)?) = > _E(u7)—> E@7)
= Y (Vo) +E*(v) = > _ (V) +E* (%))



e Besides

* We thus obtain,

* Regarding the calculation of V():

>

]

V() = V(Bo+ bix)
—  V(Bo) + x2V(51) + 2x;cov(Fo. 1)

)



* By replacing all the quantities by their values we obtain:

i) =0t (4 LY.

 We thus obtain:

E()_(vi—5)?) = no’ ”22( X;,X>)<2)2>

= o%(n—2)

* We can thus define an unbiased estimator of o by setting:

2 Z(}/I _ﬁf)z SCres

S = —
n—?2 n—2




 Estimator of g%

* The estimator of V(f3;) is:

* The estimator of V(8,) is:




Inference on model parameters

* Objective: To test hypotheses on the parameters f; and 5, and construct

confidence intervals.
* The tests:
* Test and confidence interval on slope f3;.

* Test and confidence interval on the intercept.



Test and confidence interval on slope [,

* The estimator f; is normally distributed such that.

By~ N(E(3). V(F)) = LoB (0. 1)-

V()

* In practice, V(f3;) is estimated by S%(5;)

* The quantity

& ~ "1 then follows a Student's law with (n-2) degrees of

5( 31 )

freedom.



* To test the hypothesis
Ho : 31 = by contre Hy : 31 # by.

it

31 — 31 " .
we use the tre = (; ) statistic to accept or rEJECt HO
S .Jf'._ 1

* We accept H;, at the significance level « if
—t1-a/2,(n—2)) = te < f1—a/2,(n—2))

* An interesting hypothesis test is the test Ho : 51 =0

* If we accept this null hypothesis, this means that the y; do not depend
on the x; and the simple regression model is inadequate.



* The confidence interval on slope f3; is given by:

A A

[Sl — t(l—a/Z.(n—2)) X S(_,Jr':gl) ; _;:'91 + 1'(1_&/2_(”_2)) X S(_;fﬂl)]



Test and confidence interval on slope [,

* The estimator 3, is normally distributed such that.

Bo ~ N(E(30). V(50)) = fo—Po _, (0. 1)-

V( ;:"30 )

* In practice, V(ﬁo) is estimated by S* (Bo)

s

- The quantity 7° — 70 then follows a Student's law with (n-2) degrees of
S(ﬁg)

freedom.



* To test the hypothesis
Ho : Bo = bg contre Hy : o 7& bo.

30 — o .. .
we use the tc = (; ) statistic to accept or rEJECt HO
S| D0

* We accept H;, at the significance level « if
—t1—a/2,(n—2)) = te < f1—a/2,(n—2))

* An interesting hypothesis test is the test Ho : 51 =0

* If we accept this null hypothesis this means that the ordinate of the
regression line passes through the origin.



* The confidence interval on the slope 3, is given by:

P P

[_30 — t(l—a-_/Q.(n—2)) X 5(_;3()) ; _,f%o + t(l—a-_/Q.(n—2)) X 5(_;5())]



Confidence interval for uy (x)

* Objective: Find a confidence interval for the ordinate of the abscissa point x

which lies on the regression line. i.e. finding a confidence interval for

[y (x) = Bo + B1x

* The estimator of uy(x) is given by the regression line:

fly (x) = 30 + %1 X

* This estimator is an unbiased and normally distributed estimator of variance:

T S




* This variance is all the greater the further X = do not use the

regression line to estimate uy (x) for values x that are too far from X.

* V(ily (X)) is unknown, it is estimated by:

s*(fiy (x)) = s° (i T Zg?x;}?;z>

* The quantity: A
. Y fly (x) — py(x)

s(fiy(x))

~ t(n —2)

* The confidence interval of uy(x) is:

iy (X) £ ta—a/2,(n—2))S(fly (X))



Variance analysis

* Objective: Test the hypothesis 7, : 5, = 0 using the three sums of squares

SCtot, SCreg and SCres .

* If the hypothesis H; is verified, the expectations of the three sums of

squares are: E(SCot) = (n—1)02

E(SCres) = 07
E(5Ces) = (n—2)o?



Variance analysis

* The following quantities are unbiased estimators of g% called mean squares:

S5C
MCor = ——
SCre
MCreg — 1 g
MCres _ SCres
n—2

* If H, is not verified, only MCres is always an unbiased estimator of o2.

SCFES

SQZMCres: n_o




 The denominators of the three estimators are called the degrees of freedom (df).
* n-1isthe df associated with SCtot
e 1is the df associated with SCreg

* n-2isthe df associated with SCres

* These numbers correspond to the number of linearly independent terms involved in

each of these sums.

* These degrees of freedom are based on the n independent observations (y4, ..., ¥,)

and on the number of parameters to be estimated.



* The total sum of squares requires (n - 1) independent terms since

> (vi—y)=0.

* The sum of squares of the regression is equal to 1 since it can be calculated using
a single function of yy, ..., y, be >.(Ji = ¥)* = 37 >o(xi — X)*.

* The residual sum of squares equals n - 2 since the subtraction of (n -1) -1 gives
the df of SCres .



* When the hypothesis HO is verified, we have

SCro
g;fwxz(n—n
SCreq ,

— ~ X7(1)
SCFES

= ««~—>X2(n—2)

* The 2%z and SCSes quantities are independent.
‘T

g?



* When Hj holds, the statistic:

SCreg
F. = 5%2 = %(geg ~ Fisher(1, (n — 2))
(n—2)o?

The Fc statistic is used to decide the acceptance or rejection of H,.
* Reject region

We reject H, at the significance level a if F. > f,(1,n - 2)



ANOVA Table

Regression

-
reg 7‘39

reg

MCreS
Residual n-2 SC, s MC, ¢

Total n-1 SCiot



Models with a single parameter

* |f the hypotheses , = 0 or ; = 0, the model will be a model with a
single parameter.

* Model without explanatory variable

e Model without constant



Model without explanatory variable

e The model is written in the form:

Yi = Po+¢€;

* The y; are independent and normally distributed with

. E(y;) = 3o et V(y;) = o
* The estimated values:

and the residues:



* The estimator of f3, is given by:

 So we have:

* Moreover:

y
ﬁ."_ﬁf



* An unbiased estimator of g* is given by:

* The quantity

S =
n—1
2
~ S
VY(3g) = —
(o) -
30 — 3o




Model without constant

* The model is written in the form:
yi = B1Xx; + €;
* The y; are independent and normally distributed with
E(y;) = fix; et V(y;) = o
* The estimated values:
Vi = PB1x;

and the residues:

FaY

ei=Yi—Yi =Y — P1X



The estimator of 3, is given by:

; o Z XiYi
I 1 —
> X7

The regression line for this model does not pass through the point (X, y).

Wehave Y v A>3 7i=> ¢ #0

We also don't have equality SCior = SCreg + SCres

On the other hand, we always have

Zj};z — Zﬁfyi
Z(y:' _j}i)z — ny - ZPF

Moreover, we have



* So we have

* Moreover:

SCreg = Y V7
E(gl) = fl
2
~ ag
V(dl) =



* An unbiased estimator of g* is given by:

* The quantity

A 5°
V(;’jo) — Z 2
;
;'%1 — 31




